We present a (somewhat) new finite element procedure for the analysis of higher Reynolds number fluid flows. While two-dimensional conditions and incompressible fluid flows are considered, the scheme can directly be used for three-dimensional conditions and also has good potential for compressible flow analysis. The procedure is based on the use of a nine-node element, optimal for incompressible analysis (the 9/3 or 9/4-c elements), and a Petrov-Galerkin formulation with exponential weight functions (test functions). These functions are established from the flow conditions along the edge-and mid-lines of the element. An important feature is that for low Reynolds number flow, the weight functions are the usual biquadratics and as higher Reynolds number flow is considered, the functions "automatically" skew so as to provide the necessary stability for the solution (the upwinding effect). Since the test functions are calculated by the flow conditions, no artificial constant is set by the analyst. The procedure is simple to implement. We present some solution experiences and conclude that while the procedure is not the "ideal" solution scheme sought, it has some valuable attributes and good potential for further improvements.
Introduction
Much effort has been directed towards the development of efficient finite element methods for flow problems. However, to date, by far most fluid flow analyses are still being performed using finite difference and control volume based methods.
1 While it is generally recognized that finite element procedures have a strong mathematical basis, it has also been established that they are computationally not as efficient. However, largely low-order finite elements have been used.
In earlier research we explored whether parabolic finite elements can provide an efficient solution procedure. Parabolic elements are very efficient in structural analysis, the solution of field problems and they may also be effective in fluid flow analyses. For this reason we tested various solution schemes using parabolic finite elements and reported on our results in an earlier paper. 2 The available schemes are very effective for low Reynolds number flow but no single procedure performed satisfactorily in high Reynolds number flow conditions. Hence, we concluded that more research is needed and major advances must still be sought.
When formulating the governing finite element equations for incompressible fluid flow, two key difficulties must be addressed: the incompressibility condition (the continuity equation) must be appropriately imposed and the convection term in the Navier-Stokes equations must be appropriately discretized. These two effects will cause numerical instabilities in the solution or prevent a solution altogether, if not properly represented in the finite element procedure.
As for the incompressibility condition, considering two-dimensional flows, the mixed-interpolated nine-node velocity-based elements with either a linear discontinuous pressure interpolation (the 9/3 element) or a bilinear continuous pressure interpolation (the 9/4-c element) are optimal, 3 and hence very attractive candidates for a general solution procedure. But it remains to develop an effective scheme for the elements to represent the convection term in the Navier-Stokes equations when high Reynolds number flow is considered.
Various finite element schemes to solve high Reynolds number fluid flows have been proposed, and among them streamline upwind Petrov-Galerkin procedures, and closely related techniques, have been extensively researched.
1,2 Test results using some of these methods and a higher-order derivative artificial diffusion method, all embedded in a nine-node element are given in Ref. 2 , where, as stated above already, shortcomings of all these methods are demonstrated.
These shortcomings also include the fact that in the techniques some parameters need to be set to reach stability. These parameters appear rather artificial (to introduce the appropriate amount of artificial diffusion) but have been related to the calculation of bubbles in the elements. 4 In Ref. 2, we also describe what we labeled to be an "ideal" solution scheme. Using this procedure, for a well-posed problem, a reasonable flow solution would always be obtained when using a reasonable mesh, even at high Reynolds numbers, and as the mesh is refined more details of the flow would be calculated. Here it is valuable to refer to some theoretical work, in which it was established that the Navier-Stokes equations are self-consistent up to about Reynolds number 10 6 , and that weak solutions of well-posed transient problems exist, of course subject to smooth boundary and initial conditions. 5, 6 Therefore, it is reasonable to endeavor to obtain a finite element procedure that will solve high Reynolds number flows with the attributes of the "ideal" solution scheme although this is a difficult goal to reach.
Our objective in this paper is to present a finite-element solution scheme which is simple and a natural extension of a procedure known to be optimal for low Reynolds number flow solutions. Namely, we use a nine-node mixed interpolated velocity/pressure element (either the 9/3 or 9/4-c element) established using the Galerkin procedure and simply change the weight, i.e. test, functions to correspond to the specific flow conditions encountered. We use exponential functions along the edges and mid-lines of the element evaluated from the flow conditions, and the tensor product of these functions for the interior of the element. The essence of the approach is therefore to capture the flow conditions surrounding and within the element in the weight functions. At a low Reynolds number, the weight functions collapse automatically to the biquadratic functions, but the weight functions naturally skew to the upstream side as the Reynolds number increases. The amount of skewing is determined by the Reynolds number and solved for by establishing the element edge-and mid-line functions. There is no artificial upwind parameter to be set and the flow conditions surrounding an element determine the equations used for the element.
In the following sections we first present the finite element procedure, then we discuss some basic considerations regarding the scheme and present some solution experiences. We finally mention that the proposed solution procedure needs much further study and development to get close to the "ideal" solution scheme, but that the approach has much potential for the solution of incompressible and compressible flows.
Throughout the paper, the usual notation for Sobolev spaces is used, see for instance Ref. 7.
The Flow-Condition-Based Interpolation Procedure
Let Ω ∈ R 2 be a bounded domain with boundary S and x = (x 1 , x 2 ) be a point in Ω. We consider the solution of the Navier-Stokes equations governing incompressible flow, which in non-dimensionalized form can be written as:
Find the velocity v(x, t) and pressure p(x, t) such that
where S = S v ∪ S f and S v ∩ S f = 0, τ is a real number (time) > 0, Re is the Reynolds number,σ is a pseudo-stress,σ = −pI + (1/Re)∇v, n is the unit normal to the boundary of Ω, v s is the prescribed velocity on the boundary S v ,f s are the prescribed pseudo-tractions on the boundary S f , and in Eq. (3) the initial conditions are given. We assume that the problem is well-posed. We use this form of the Navier-Stokes equations in this paper because the boundary conditions in Eq. (5) The variational form of these equations using the Petrov-Galerkin formulation is:
where we use the linear spaces
We note that if the same functions are used in W as in V , the variational formulation corresponds to the standard Galerkin method (the Bubnov-Galerkin method). However, we use a more general approach and therefore will in general not have that W and V coincide (when v s = 0). For the finite element solution we choose subspaces V h , W h , and Q h of the infinite-dimensional spaces V, W and Q, respectively. The finite element solution procedure is then:
The key to reaching an effective solution scheme lies of course in choosing appropriate finite element spaces. We use the following spaces: for the solution space V h we use continuous biquadratic functions, for the solution space Q h we use linear discontinuous or bilinear continuous functions, giving essentially the same results, and for the test function space W h we use exponential functions. An element of the new space W h is established as follows. Figure 1 shows a typical nine-node undistorted rectangular element. To include the effect of element distortions, the usual transformations of isoparametric elements can be used.
3 Based on the knowledge that at high Reynolds (or Péclet) number flows the solution contains exponential functions, we assume the following functions a Actually, to be precise, V is not a linear space but an affine manifold (the same holds for the finite element space V h used later). along the edge-and mid-lines of the element: for the three functions along lines 2-5-1, 6-9-8 and 3-7-4 in the variable x
for the three functions along lines 4-8-1, 7-9-5 and 3-6-2 in the variable y
where for each i
v 1 and v 2 are representative velocities along the lines considered (we used the velocities at the mid-nodes) and the constants are determined using the conditions at the nodes. Normalizing these functions to have the Kronecker delta property at the nodes, we obtain along an edge or mid-line, e.g. in the x-direction, the three generic interpolation functions Figure 2 shows the functions for the element Reynolds numbers 10 −5 , 10 and 100. Note that for very small Reynolds numbers these interpolations are the usual parabolic functions and that as the element Reynolds number increases the functions skew to the upstream side.
An element of W h is now obtained by simply interpolating the edge-and midline functions quadratically over the element and then taking the tensor product of 
Some Basic Considerations
A number of important considerations need to be addressed for the implementation and use of the element.
Numerical integration
An important part of the evaluation of the finite element matrices is the numerical integration used. For low Reynolds number flow solutions, 3 × 3 Gauss integration corresponds to "full" numerical integration. This integration does not evaluate the exact finite element matrices when the element is distorted but the error is acceptable provided reasonable distortions are considered.
3
For higher Reynolds number flow, the test functions are more complicated and a higher-order integration scheme is needed. The required order is clearly dependent on the element Reynolds number. For the moment, we are using the following formula for the Gauss integration order used:
Hence the maximum integration order used is 7 × 7 Gauss integration. Using this formula the element matrices do not exhibit any spurious eigenvalues.
While it may appear that the integration order used requires a considerable computational effort, it should be recognized that in flow simulations frequently over 90% of the solution effort pertains to the solution of the algebraic equations. Hence, although the effort for the element matrix evaluations increases significantly for the proposed scheme when higher Reynolds number flow is solved, this increase is not significant when measured on the total solution time required. The convection-diffusion problem corresponds to a constant prescribed velocity throughout the domain and prescribed temperatures at both ends of the domain. Sixteen equal size elements are used.
Stability
We mentioned already that two sources of instabilities can arise in a fluid flow solution scheme; the first regarding the incompressibility condition and the second regarding the representation of the convection term. A mathematical analysis of the discretization scheme presented in the previous section still needs to be performed, but we can already make the observation that the relevant inf-sup conditions should be satisfied in order to have a reliable scheme.
3,8,9
Considering the incompressibility condition and low Reynolds number flow, the selected elements are stable and indeed optimal. The relevant inf-sup condition has been proven analytically to be satisfied. Considering the effect of the convection term, we have performed the inf-sup test of Ref. 9 . The results of the test are given in Fig. 5 , where the same test data as in Ref. 9 have been used. It is seen that the inf-sup test is passed by the scheme. Of course, this numerical test has only limited value, but the fact that the test is passed is encouraging to proceed with mathematical and convergence analyses.
A family of elements
The nine-node element presented here is a good candidate for the analysis of flow problems. However, the same approach of formulation can of course also be used to develop other elements, in fact a family of elements can be proposed. In each case, the element when used for Stokes flow solutions, should ideally satisfy the inf-sup condition for incompressible analysis.
With this in mind, the following elements can, for example, be considered:
• The four-node element presented in Ref. 10 with the φ edge-line functions of the form
This element satisfies the inf-sup test for incompressible analysis; however, a simpler element is the 4/1 element (four nodes for velocities and a constant pressure assumption, which however does not satisfy the inf-sup condition for incompressible analysis).
3
• The cubic quadrilateral elements with 16 nodes for the velocity and a quadratic discontinuous interpolation for pressure (the 16/6 element) or a biquadratic continuous interpolation for pressure (the 16/9-c element).
3 Appropriate φ edge-and mid-line functions would then be
And of course, additional quadrilateral and triangular elements can be established using the same approach.
Use of conservative form of Navier Stokes equations
The presentation of the solution scheme was given using Eqs. (1) to (5) as the basic equations to be solved. In practice, we would actually discretize the conservative form of the Navier-Stokes equations in order to more closely satisfy continuity and momentum conservation. This requires, of course, that for each finite element the sum of the weight functions be equal to unity. Then, at the nodal point level, the two basic conditions of "nodal point flux equilibrium" and "element flux equilibrium" are satisfied, respectively, for the finite element assemblage and for each finite element in the assemblage (see p. 177 of Ref.
3). The interpolation functions used here satisfy this requirement.
Sample Solutions
In the absence of a deep theoretical analysis of the discretization scheme, it is important to solve well-chosen test problems. We proposed some problems in Ref. 2 , which we use here in a sometimes strengthened form with the nine node element discussed above. The new solution procedure is referred to as an FCBI (FlowCondition-Based Interpolation) scheme.
Lid-driven cavity flow
The lid-driven cavity flow problem has been used extensively as a test problem because of its complex flow physics and simple geometry. The presence of several recirculating regions makes this an interesting and challenging problem. We perform In Fig. 7 , we compare the horizontal velocity profiles at the vertical mid-section of the cavity obtained using the FCBI scheme with the benchmark solutions of Ghia et al. 
Flow in a hundred-eighty degree bend
The fluid flow in a bend of outer diameter of 21 and an inner diameter of 19 is considered. A parabolic velocity profile is specified at the inlet, zero pseudotractions at the outlet, and zero velocities at the walls. A (15 × 150)-element mesh is used for the solutions; the mesh is non-uniform along the width and uniform along the length of the bend. Figure 8 shows the geometry and a partial view of the mesh.
The steady-state analysis results for Reynolds numbers up to 1×10 4 are shown in Fig. 9 . The pressure distributions along the outer and inner walls are compared with the results obtained using the classic Bubnov-Galerkin formulation. No solution was obtained with the Bubnov-Galerkin formulation for Re > 1 × 10 3 .
Flow in an S-duct
The flow in the S-duct shown in Fig. 10 is considered. The geometry, mesh and boundary conditions are shown in the figure. A parabolic profile of horizontal velocity is prescribed at the inlet. This is a difficult test problem and was considered in Ref. 2 . Figures 11 and 12 show the steady state velocity vector and pressure fields computed using the FCBI scheme for Re = 1 × 10 2 and Re = 1 × 10 3 , respectively. 
Concluding Remarks
In our research to obtain a finite-element solution scheme closer to the ideal scheme of Ref. 2 for high Reynolds number fluid flows, we have developed the finite element procedure presented in this paper. The procedure is simple and a natural extension of a discretization scheme known to be optimal for low Reynolds number flows. The scheme passed the numerical inf-sup test considering one-dimensional flow and has shown good accuracy in the solution of some test problems, but needs, of course, much further study and development. The procedure given in the paper does not fulfill the requirements of the "ideal" solution scheme -a difficult goal to reach -described in Ref. 2. However, the approach used has further potential. The use of the given functions but aligned with the streamlines could be more effective. A more accurate analytical solution of the advective response within the element to construct the test functions could improve the procedure. Also, the use of trial functions reflecting the flow conditions can be explored. This approach has been pursued in Ref. 12 .
The proposed scheme is clearly related to the use of residual-free bubbles, but the distinctive difference is that the procedure incorporates flow conditions on the element edges. 13 This feature is deemed important to reach an effective solution scheme.
While we considered in this paper only the use of a parabolic quadrilateral element, we indicated that this element is really a member of a family of quadrilateral and triangular elements all formulated using the approach given in the paper. Also,
